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MATHEMATICS
Paper Second

(Abstract Algebra)

Time : Three Hours] [Maximum Marks:50

 


Note: All questions are compulsory. Attempt any two
parts of each question. All questions carry
equal marks.
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1. (A) G Aut (G), G
A(G)G 
Aut(G)
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A(G)

Let G be a group. Let Aut (G) denote the set of all
automorphism of G and A (G) be the group of all per-
mutations of G. Then prove that Aut (G) is a subgroup
of A (G).

(B) N (a), Ga G


Prove that N (a), the normalizer of a, is a sub-
group of the group G.

(C) A, B   G    


1
( ) ( )
( )
A BAxB
A xBx
o oo
o

If A, B are finite subgroups of a group G, then
show that

1
( ) ( )
( )
A BAxB
A xBx
o oo
o
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2. (A) f(R,+,.) , ,R  

(Ker f, +, .), (R,
+, .)

If f is a homomorphism from a ring (R,+,.) into a

ring , ,R , then prove that the triplate (Ker f,

+, .) is an ideal of (R, +, .).

(B) 6 6 6, ,I x 


2 3 2 3( ) 5 4 3 2 , ( ) 1 4 5f x x x x g x x x x

 6 {0, 1, 2, 3, 4, 5}I

Find the sum and product of the following poly-

nomials over the ring 6 6 6, ,I x :
2 3 2 3( ) 5 4 3 2 , ( ) 1 4 5f x x x x g x x x x

 where 6 {0, 1, 2, 3, 4, 5}I

(C) f R -M R -N
 f 

Ker f = {0}.

P.T.O.

[4]

F - 3769

Let f be a homomorphism of an R - module M
into an R - module N. Then prove that f is an iso-
morphism if and only if Ker f = {0}.

3/Unit - 3

3. (A) V (F)
W

,a b F  , w a b w

Prove that the non - empty subset W of a vector
space V (F) is a subspace if and only if
, ,a b F and w a b w

(B)  1 2 ,...........,, ,ns n-  

V(F)
V  

1 1 2 2 .......... ;n na a a

 1 2, ,......... ,na a a F 



Let 1 2 ,...........,, ns be a basis of a

finite dimensional vector space V(F) of dimen-
sion n. Then prove that every element  of V
can be uniquely expressed as
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1 1 2 2 .......... ;n na a a

where 1 2, ,......... na a a F

(C) W1 W2 V
(F)

1 2 1 2 1 2dim( ) dim dim dim( )W W W W W W

If W1, W2 are two subspaces of a finite dimen-
sional vector space V (F), then prove that

1 2 1 2 1 2dim( ) dim dim dim( )W W W W W W

4/Unit - 4

4. (A) n - V(F)
Vn(F)

Prove that every n -  dimensional vector space V
(F) is isomorphic to Vn(F).

(B) V(F)U(F) F
  T: V U, V  U   

V k U 

Let V (F) and U(F) be vector spaces over the
field F. Let T: V U be a linear transformation
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from V onto U with Kernel K. Then prove that
V
k U

(C)  1 2 3 1 2 3( , , ), ( , , )x x x y y y 

1 1 1 2 2 1 2 2 2 3

3 2 3 3

( , ) 3 2 5 7 8
4
f x y x y x y x y x y
x y x y

f 

Let 1 2 3 1 2 3( , , ), ( , , )x x x y y y and

1 1 1 2 2 1 2 2 2 3

3 2 3 3

( , ) 3 2 5 7 8
4
f x y x y x y x y x y
x y x y

 then find the matrix of f

5/Unit - 5

5. (A)  , 

 



If , are vectors in an inner product space V,,

prove that  and give the

geometrical interpretation.



[7]

F - 3769

(B) V(F) x     


1
, þ( ) ( )p q x q x dx

o

þ þ( ), ( ) .x q q x V þ( ) 2,x x

2( ) 2 3q x x x (i) (þ, )q
(ii) þ q 

If V(F) be a vector space of all polynomials
in x in which an inner product is defined by

1
, þ( ) ( )p q x q x dx

o
    where þ þ( )x

and ( )q q x V

Then for þ( ) 2,x x  2( ) 2 3q x x x ,

find  (i) (þ, )q   and    (ii)  between þ andq 

(C)  , V(F) 

 ,a b F 
2 2 224 , || || i i i i
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If , are vectors in an inner product space V(F)

and ,a b F , then prove that

2 2 224 , || || i i i i


